
MMP Learning Seminar

Week 87.
Content:

Minimal log discrepancies of regularity one.



Minimal log Gionepancy:
(X,(ix).

m H (X,(ix) =min GOE(X,(ix) (2x(E) =x3

Regularity: (X.[ix) bea og canonical
ring.

Fry (X, (ix)
= fim() (Y,(x), where (.(.) ->(X,*)

is a bit modification.

=>xample: An elliptic ring
her

veg
0.

Abit
ring

has
veg -00, Sim /=-00.

Absolute regularity: (X,Xical be a NIt engularity.

rg (X,Xicl= max [reg(X.Zia)/(X.Pix) iok & (x}

=>xamples: AnOn, Eo. Eg. Ep.

w -

reg 1. reg
=0

I Cexceptional ring).
I

5one results towards
Heve, we know ACC for metr

ACC.



Theorem 0 (M-20(1): Let be a positive integer
There existease of ACC for miti of Regulanty one & dmn.

holts in (0,en).

theorem 0" (M-2021): Let n be a positive integen
then there exists an upper

bound for the mite of regularly one

& tim n.



&irational models & regularity:

Lomma 0: Let (X.8) & (XP) be crepenttwo
--

log CY pairs. Then veg (X,b)
=

vy (X)b)

·i. p-((x + 0) =((x'+8').

X --> X'



Avanishing theorem:

↑heoron 2(Ambro, 20001: Let (X, Z.kEi) be a mc pair

brotacl. Xoa proper morphism. L. Carber on X of

L-Nx- z't:E:
ioeenimple

Let 930 & be a local rection of RF(*0x(L) which is gen

at the
generic point of f(x) & (CC) for every lac C of (x,8).

Then 800

Proof. We may same softne & f(x)
= 5. Then

*
Ib:Ei is remiample. We may more Lva lx+E'biEr

=C. Ej

**A door not contain (cc. & Rfo0x() -> ROfo 0x(LOOCA)
is not injective

We
may compacting X && and zone

↓(8, RFfoOx(2+f'Al) -> HiC, RFt OxILr2f'A)

is not objective



Consider the following commutative diagram:

ERA = HP(0, RYfxOx(+f:A)) => Hort(X, Ox(+fA)).

f f
EPA = HO (OiRFoOx(L+2f'A)) - HOF(X, Ox (L+2f'All

The map Eif->HP(X,Ox(L+fA)) is injective

So, we conclude that

HF (X. Ox(L+f' Al) -> He (X, Ox(L+2f-Al)

is non-injective. This contradicts Hollars in thm. D



Properties of log canonical centers:

Remarx1: (X, Ziez Ei) one pair, I'l" <1. non-empty.
2 a connected component of MiesEi. Then

C EUiclEi if & only "I'rl" #%

Lemma 2: (Xit) log canonical
pair.

W union of lack

M: (Xit) -> (X18) og revolution of petW is a tiarror.

8 p-WU ropp (I) is one Let 5 to the onion of the

tramr Eon Xwith multe(B=. & ECM"W.

Then Mx00 = Ow.



Lemma 2: (Xit) log canonical
pair.

W union of lack

M: (Xit) -> (X18) og revolution of petW is a tiarror.

8 p-WU ropp (I) is one Let 5 to the onion of the

tramr Eon Xwith multe(B=. & ECM"W.

Then Mx00 = Ow. ((x +8 =(((xx + b)).

comp withProof: 1 = 5+R +2- A.- negcooff
d ↓ ↳

components with cool in cos
contuoncs M-W components of

coeff I not continued NW Remen 1.
r

No connected comp of out of components of R mapo write W.

Consider:

MoOx'CTAl) -> MrOCTAbol) -RM8(x(TA) - 5).

Byw =M(x), TA) - 5 =(x +R + TAT -A +x -McNx
+1)

tool over X
8Theorem 1, the second map is the

zero map.

We conclude MoCxCTA)) -> MoPoCTAT) is errective

Since Isco, then Air M-exc. Therefore

Ox = Mo Or
*



Theorem 2: Let (X18) be a log pair. We & W2 bedrok

Ewink, then WitWe is union of (ac

Proof: occ WitWa, apply the Lemme to W =WeUWa

M: (X5) -> (x18). EC E2.

-are all comp
with coeff a mapping

invite w/ the
peor=Ow, in particular. 5 -> WeUWe

hor connected fibers. OCEWetWe,

Ter( NE, rEc FN.

blow-up EnEs and obtion Es->CsX

so Cs?We NWe
D



&tructure Theorem for 1C4 pairs of veg 0:

Theorem (Kollar-Kovec, 2010): (X(d) log CT of rag
o

then. D(X,B) is either a point or two point.
ID(X) is discomedot, then there exists a fir modifraction

CX, td ---> (X'81) ouch that the general fiber is 1

↓ 0 L's bar two component. Comonly z.
z

Proof: Assume (X.8) is 5. 5s..... on (11 are firs

Bon a MMP for (X,8-s(1).

(Xo0)--->(Xc.ts)-.......... (Xn,Bn) 51 is ample over E.

xib L
z

For each is the strict transforms of j in X: are disjoint.
=

urthermore,
every stop of this MMP is 51-positive.

· There is at least a recent wi. the time of general bar her had.

then it most 6. 1"& In mot be a cut ration over z.

·If there is a unique Si. then we cannot conclobe anytly
about Xn-E. r Apply BAB to general fiber

8



Curves on log CY pairs:

Corollary (Bireo-Polli-Rovec, 2016):In the context

ofthe previous Theorem zoome further that NCkx+8) wo

Then, we have that:

· It D(Xit) = pt, then there exists conce in the

smooth low CEXrm of 10.C ACN, SmX).

· It (X,0) = Ep.93, then there exists a come in the

smooth low (2Xo o.7 C only interredLBS twice

& does not interrest 18-Lt).



Proof of The 0:
(Xix) be a a sing of veg

= 1.

(N.tix) bounted N-complement of veg =1.

(Y, [x + E, +
...

+ Er) its bit modification.
#we perform elination to the exceptionle
then weget C4 pairs of regoonExilitEri 3*((x (() =kx+Ey +Eit... +Er.

&((x) = kx + Iy + (-dilE1+.. + C1-crCEr

9 =CrEi+[y vo,xO

Aco X Two want to understand
there numbers

2G(Ei·C) + ky.c =0.

Ce.E, = - Mr. Cr.Er=-mr

G.En = Nc Cr. Er= Wr

[1.ky =f2 Cr. [n = fe



Ci- Ei-1 = 1

Ci Eix =1.

Citi =-mi

>
what or the monimum

-M. De 0.... O

2-m21

1 - Ms SI 0..0T =F
Find a come in a"a a linear function. L

f
o -G

"

=
rationer ACC

be to therratesofenerator of o surface
for care

W-



Remarw: The expectation is that

mids of reg or in an interval near 0. Y
behive as mids of (+1)-tim toric

ring


